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Abstract. In this article, we study subword complexity of colorings of regu- 
lar trees. We characterize colorings of bounded subword complexity and study 
Sturmian colorings, which are colorings of minimal unbounded subword com- 
plexity. 

We classify Sturmian colorings using their type sets. We show that any 
Sturmian coloring is a lifting of a coloring on a quotient graph of the tree 
which is a geodesic or a ray with loops possibly attached, thus a lifting of an 
"infinte word". We further give a complete characterization of the quotient 
graph for eventually periodic ones. 



1. Introduction 

Let T be a regular tree, i.e. a tree whose degree of vertex is constant, VT be its 
vertex set and G — Aut{T) be the group of all automorphisms of T. Let ^ be a 
countable set which will be called the alphabet. 

By a coloring of the tree T, we mean a vertex coloring, i.e. any map (p : VT — > A. 
In this article, we define an invariant of a coloring </> called subword complexity. 

One of our motivations for studying subword complexity is to give an invariant 
of an automorphism of a tree, relative to a discrete subgroup of G. For example, 
let F be the group generated by k generators a^, i = 1, • • • ,k with relations a| = 1, 
and T be its Cayley graph. To any element g of G is associated a coloring 0^ 
(see Example [1} . The coloring 0^ is periodic if and only if g is an element of 
the commensurator of F [7^ . Commensurators play an important role in studying 
discrete subgroups of Lie groups and automorphism groups of trees ([12], [7], [16], 
[H], [5). See Section O for details. 

With this motivation in mind, we consider unrooted trees, rather than rooted 
binary trees which were studied in computer science ( [3] , [3 , [5] ) ■ Theory of subword 
complexity and Sturmian colorings developed in this article is quite different from 
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that for rooted binary trees [4]. It seems that there is no direct relation between 
them. 

Unrooted regular trees and their automorphism groups are important objects 
in geometric group theory in many aspects, as they are Cayley graphs of finitely 
generated groups and also 1-dimensional buildings, which is a non-archimedean 
analogue of rank-1 Riemannian symmetric spaces. 

For an infinite sequence u, the subword complexity p„(rt) is defined as the number 
of different subwords of length n in u. Hcdlund and Morse showed that Pii{n) is 
bounded if and only if u is eventually periodic [lOj . A sequence u is called Sturmian 
if p„(n) = n + 1. (See for example [TT] and [S] for details on Sturmian words.) 

We define subword complexity b^(n) of a coloring as the number of non- 
equivalent colored n-balls in the tree colored by (p. We show that (j> is periodic if 
and only if its subword complexity h^{n) is bounded. We study Sturmian colorings 
using the type sets of vertices. 

The main result of this article is that any Sturmian coloring is a lifting of a 
coloring of a graph X, which is an infinite geodesic or a geodesic ray with loops 
possibly attached. We further give a complete characterization of X for eventually 
periodic Sturmian colorings: 

Theorem. Let cj) be a Sturmian coloring of a regular tree T . 

(1) There exists a group T acting on T such that <f) is T -invariant, so that (j) 
is a lifting of a coloring (px on the quotient graph X — T\T. The quotient 
graph X — G\T is one of the following two types of graphs. Here, loops are 
expressed by dotted lines to indicate that they may exist or not. 

• • • • • ■ • • 

■ • • • • • • • • • • • ■ • • 

(2) // (f> is of bounded type, then it falls into the first case above, i.e. (j) is a 
lifting of a coloring of a geodesic ray with loops possibly attached. 

(3) Moreover, (j) is eventually periodic if and only if X is one of the following 
two graphs. Here the indices on edges indicate the number of corresponding 
edges in T. 

r*l r*l 1*1 1*1 1*1 

't + 1 ft 1*1 1*1 1*1 1*1 
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It still remains to characterize the colorings 4'x on the quotient graph X , which 
we leave for future research. 

2. SUBWORD COMPLEXITY OF COLORINGS OF TREES 

Let r be a fc-regular tree, i.e. a connected graph without loops nor terminal 
vertices such that the number of edges with a given initial vertex is k. Let G be the 
group of automorphisms of T, which is a locally compact topological group with 
compact-open topology. Let us denote the set of vertices by VT and the set of 
oriented edges by ET. We assume that ET contains e, which is e with reversed 
orientation, if it contains e. We will denote by [x, y] the edge from vertex x to 
vertex y. 

One nice property of a regular tree is that the automorphisms of the tree are 
abundant. An automorphism fixing a vertex xq is determined by its permutation 
action on the neighboring k vertices of xq, its action on the 2-sphere from xq which 
must be product of permutations on the k — I vertices neighboring each vertex on 
the 1-sphere, etc. 

In particular, any graph morphism defined from one ball to another ball of same 
radius extends to an automorphism of T (see [3] for properties of automorphisms 
fixing a vertex). 

2.1. subword complexity and periodic colorings. Consider the length metric 
d on T with edge length all equal to 1. An n-hall around x is defined by Bn{x) — 
{y G VT U ET : d{x,y) < n}. An n-sphere around x is defined by {y £ VT : 
d{x,y) = n}. 

Let us fix a coloring (j> : VT A. We say that two balls Bn{x) and Bn{y) are 
equivalent if there exists a color-preserving isomorphism from Bn{x) to Bn{y). By 
abuse of terminology, we will call such an equivalence class a colored n-ball or a 
coloring of n-ball and denote it by [i?„(a;)]. 

Definition 1. Let B^{n) be the set of colored n-balls that appear in T colored 
by (j). The subword complexity b^[n) of <j) is defined by b^{n) — \B^{n)\. We will 
denote b^{n) by b{n) if there is no confusion. 

Definition 2. We say that two vertices x and y are in the same class if there exists 
a color-preserving tree automorphism sending x to y. 

Lemma 1. // there exists a sequence rik — >■ oo with [Bn^{x)] — [Bn^iy)], then x 
and y are in the same class. 
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Proof. Let us denote by /„ a color-preserving isomorphism /„ from Bn{x) to Bn{y)- 
Since T is a regular tree, each /„ extends to an automorphism of T, again denoted 
by /„, sending x to y, although it might not preserve the color outside Bn{x). 

We have a sequence of tree isomorphisms fn,. in the set {f E G : f{x) = y}, 
which is weakly compact. Thus there exists a subsequence of which converges 
weakly to an automorphism / sending x to y. This / clearly preserves the color 
since it preserves the color on arbitrary large balls. Thus x and y are in the same 
class. □ 

Let us first examine colorings whose subword complexity b(n) is bounded. 

Definition 3. A coloring : VT Ais periodic if there exists a subgroup F C G 
such that T\T is a finite graph and (j) is F-invariant, i.e. 

(t){jx) = 4>{x), for ah X G VT and 7 e F. 

Note that we do not require F to be a discrete subgroup of G. 

Let us recall basic notions in the theory of graphs of groups which will be used 
throughout the paper (see [15] and [6] for details). 

Let F be a group acting on a fc-regular tree T by automorphisms. If F acts 
without torsion, then the quotient F\r is a fc-regular graph, but in general, the 
quotient has a structure of a graph of groups, a graph version of orbifold quotient. 

Let X be a graph, VX its vertex set and EX the set of oriented edges of X [EX 
contains e, e for each unoriented edge va X). 

A graph of groups (A", G,) is a graph X equipped with a group Gx for each 
X G VX U EX and an injective homomorphism je : Ge — > GaQ(e) from the edge 
group to the group of the initial vertex 9o(e) of the edge e, for each oriented edge 
e e EX. 

A graph of groups associated to a group F acting on T, which will be denoted 
by F\\r, is defined as follows. First we assume that F acts without inversions by 
taking the first barycentric subdivision of T if necessary. Take the quotient graph 
F\T as the underlying graph X . Choose a connected fundamental domain I? of A 
in T , for which the natural projection £) — ^ A is a bijection. Let x be the lift of x 
in D. 

For X e VXD EX, set Gx = Stabr{x). If 9o(e) = do{e), then Ge C GgQ(e), since 
an automorphism fixing an edge fixes its initial vertex and terminal vertex. Thus 
we take the inclusion for the injective homomorphism j^. If do(e) ^ 9o(e), then 
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there exists an element 7 e F which sends do{e} to do{e) (since their projections are 
both do{e) in r\r). In this case, we take the inclusion composed with conjugation 
by 7 as the injective homomorphism jg, = 7 o ig o 7^^. 

Let i : EX — > N be a map. We call (X, i) an edge-indexed graph of T if the 
universal cover of {X, i) is isomorphic to T. The universal covering tree of {X, i) is 
constructed as follows [2]. 

Start with a vertex vq in X. For each edge e with initial vertex vq and index 
j(e), draw i{e) edges ej,j = 1, ■ • ■ , *(e) with initial vertex vo, which are liftings of 
the edge e. For each terminal vertex di{ej) of ej, and for each edge f in X with 
initial vertex do{f) ~ 9i(e), draw again i(f) edges fj,j — 1, • • • ,i{f), which are 
liftings of /. Repeat this process to obtain a locally finite tree. 

Thus for fc-regular tree T, {X, i) is an edge-index graph of T if and only if for 
every vertex a;, the sum of indices i{e) of edges e with initial vertex x equals k. 

The edge-indexed graph of a graph of groups {X,G,) is an edge-indexed graph 
whose graph is the underlying graph X and for which i(e) is the index of Gg in 
Gdo (e) • The universal cover of a graph of groups is isomorphic to the universal cover 
of its edge- indexed graph [2] . 

Combining these facts, if a coloring is F-invariant, then is determined by a 
coloring on the edge-indexed graph of F\\r. We conclude that (p is periodic if and 
only if it is a lift of a coloring on an edge-indexed finite graph. 

We will often express our coloring on an edge-indexed graph, of which the un- 
derlying graph is infinite unless (j) is periodic. 

The following proposition is an analogue of the classical theorem of Hedlund and 
Morse [TO]. 

Theorem 1. Let (j) : VT A be a coloring. The followings are equivalent. 

(1) The coloring (p is periodic. 

(2) The subword complexity of (j) satisfies b^{n + 1) = b^{n) for some n > 0. 

(3) The subword complexity b^{n) is bounded. 

Proof. (1) implies (3) : Suppose (j) is periodic i.e. F-invariant for some cocompact 
subgroup F of G. Let VX — V{r\\T) be the vertex set of the quotient graph of 
groups F\\r colored by (j). Then any coloring of n-ball in T is determined by the 
class of its center in VX. Thus b{n) < \VX\. 

(3) implies (2) : Since b^{n) is non-decreasing, boundedness of ^^(n) implies that 
+ 1) = b^{n) for some n. 
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(2) implies (1) : Suppose b^{n + 1) = b^{n). Let us construct an edge-indexed 
graph X as follows. 

The vertices VX are elements of ^^(n). The directed edges EX are all pairs 
[[_B„(x)], [_B„(y)]] with d{x,y) — 1. For a given vertex in VX, let us choose a rep- 
resentative Bn{x). Condition (2) implies that [_B„(a::)] has a unique extension to an 
{n + l)-ball [B„+i (x)] . In particular, it implies that for a vertex y of distance 1 from 
X, the color of Bn{y) is uniquely determined up to isomorphism by [Bn{x)]. Thus 
the edges defined above are well-defined (i.e. it is independent of the representative 

of [Bn{x)]). 

For any given edge e G EX, let us choose a representative [i3„(x), i3„(y)] with 
d{x,y) — 1. Put on each oriented edge e an index i(e) which is the number of 
vertices y' G VT with d{x,y') = 1 and [_B„(y)] = [i?„ (?/')]. This number is inde- 
pendent of the representative of the vertex by the previous paragraph. Thus the 
edge-indexed graph is well-defined, its underlying graph is finite, and its universal 
cover is a regular tree. The coloring (p is clearly determined by its values on {X, i). 

Let F be the group of color-preserving automorphisms of T. By the assumption 
of (2), [Bn{x)] = [Bn{y)] implies that [^^(x)] — [B,n{y)] for every m, thus there is 
an automorphism of T sending x to y by Lemma[TJ Conversely, if [Bn{x)] ^ [_B„ (?/)], 
then there is no element 7 G F sending x to y. Thus there is a bijection between 
T\VT and VX, say 5* : r\VT VX, so that the following diagram commutes. 




Therefore, edges in F\T correspond to edges in X. It remains to show that 
if there is an edge of index j in X, i.e. if there exists x and yi, ■ ■ ■ ,yi^ of the 
same class in the 1-neighborhood of x , then [F^; : Fg] = /i. It comes from the 
property of a regular tree that the automorphism group is very large . Let e be 
an edge with initial vertex x and terminal vertex vn. Let V12, ■ ■ ■ , vu-^ be vertices 
in the same class as vn. Let the 1-neighborhood of x be partitioned into j sets 
{vii,--- jWi/i}, {^21, • • • W2i2}, • • • ,{vji,--- , Wjij } of vertices of the same type. Then 
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Thus we conclude that the edge-indexed graph of r\\T is isomorphic to {X, i), 
and <p is F-invariant. Thus (j) is periodic. □ 

Example 1. Let T — {ai, ■ ■ ■ ,ak ■ of = 1) and T its Cayley graph. Then to any 
element g of Aut{T) is associated a vertex coloring of T as follows. 

For every vertex i in T, there exists a unique element 74 of F sending the identity 
to t. Then the element ° 9 ° It sends the identity element back to itself, thus 
it is a stabilizer of the identity. Let 4'g{t) be the map Igf^^-^ ° 9 °lt restricted to the 
1-sphere of the identity. We obtain an element of S'fc, where Sk is the symmetric 
group on the set of vertices of 1-sphere of identity. Therefore, we may consider 
(jjg : VT — > S'/j as a coloring with A = Sk- 

Lubotzky, Mozes and Zimmer showed that (j)g is a periodic coloring if and only 
if g is an element of the commensurator group of F [7] . 

More generally, if T is a locally finite tree, G = Aut{T) is its automorphism 
group, and F is a cocompact discrete subgroup of G, then to any automorphism is 
associated a coloring (pg : T ^ Y = F\T, which is a covering map. An automor- 
phism g is in the commensurator group of F if and only if its associated coloring 
(jjg is periodic [1]. 

Corollary 2. With T and F as in Example]^ an automorphism g ofTis contained 
in the commensurator subgroup of F if and only if its suhword complexity b^^ (n) is 
bounded. 

2.2. Type set of vertices, colorings of bounded type and eventually peri- 
odic colorings. For the rest of this article, we will study colorings of unbounded 
subword complexity. For such colorings, special balls play an important role. Be- 
fore defining special balls, let us provide a basic lemma about graph isomorphisms 
of balls and branches of a regular tree. 

Let Xi, yi, i — l,---fc be the neighboring vertices of x, y, respectively. Let 
Br„(a;,a;i) be the n-branch from x to Xi which is defined as the subtree of Bn{x) 
with vertex set {x} U {y e Bn{x) \ d{y, Xi) < d{y, x)} and the edge set given by the 
set of all edges with initial and terminal vertices in the vertex set, so that 

k 

Bn{x) = [J Br„(a;, a:i). 

1=1 

Note also that Br„_|_i(a;i, a;) = U Br„(.T,.Tj) U 
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If / is an isomorphism from Bn{x) to Bn{y), then f{x) — f{y) and /(Br„(x, Xi)) — 
Br„(?/, ycr(i)) for all i for some permutation ct on fc letters. Thus we obtain the fol- 
lowing lemma. 

Lemma 2. Let us denote the equivalence class up to color-preserving graph iso- 
morphisms o/Br„(a;,x') fixing x by [Br„(a;,x')] as we did for balls. 

(1) If [Bn{x)] = [Bniy)], then [BTn{x,Xi)] = [Br„(y,yj)] and [Bvn+i{xi, x)] = 
[Bin+i{yj,y)] for some j. 

(2) // [Br„(a;, Xi)] ~ [Br„(?/, ycr(i))] for all i — I, ■ ■ ■ k and for some permutation 
a e Sk, then [Bn{x)] = [Bn{y)]. 

(3) If either [Br„(a;, a;^)] ^ [Br„(?;,yj)] and [Br„+i(xi, x)] = [Br„+i(yj, y)] or 
[Br„(a;,a;i)] = [Br„(y, y^)] and [Br„+i(a;i, x)] ^ [Br„+i(yj, y)] /or some j, 
then [B„{x)] ^ [Bn{y)]. 

Definition 4. A colored n-ball [B] is special if there are two distinct colored 
(71 + l)-balls [Bn+i{x)] and [Bn+i{y)] such that [B„(a;)] = [Bniy)] = [B]. 

If a colored n-ball [S] is not special, then it has a unique extension to {n + 1)- 
ball in the sense that there is a unique colored (n + l)-ball [Bn+i{y)] such that 

[Bniy]] = [B]. 

Lemma 3. // [i3„(a;)] — [Bn(y)] and [Bn+i{x)] ^ \Bn^\[y)\, then for each 1 < 
m < n there exist x' from m-sphere of x and y' from m-sphere of y such that 

[Bn-m+l{x')] ^ [B 

n—m-\-l 

Consequently, any special n-ball contains a special l-ball, \/l < n. 

Proof. Let / be a color-preserving isomorphism from Bn{x) to Bn{y). Let yi be 
the image of Xi under /, for i — I, ■ ■ ■ ,k. 

By Lemma[l](l), [Br„(a;,a;0] = [Br„(?;,yi)] and [Br„+i(a;i, a;)] = [Br„+i(?;i, j/)] 
for all i. Since [Bn+i{x)] ^ [Bn+iiy)], it follows that [Br„+i(a;, x^)] / [Br„+i(?;, y^)] 
for some i by Lemma (2). Since [Br„(a;j, x)] = [Br„(yi, y)], we get [Bn{xi)] ^ 
[Bniyz)] by Lemma[l](3). We have [B,,_i{xi)] = [5„_i(2/i)] since [B^ix)] = [B^iy)]. 
This complete the proof for rii — 1. 

Inductively, let {xi)j be the vertices neighboring Xi and let {yi)j — f{{xi)j). Since 
[x] = [y], [xi] = [j/i] and [Br„+i(a::, x^)] 7^ [Br„+i(y, y^)], we have [Br„(a;i, (xi)^,-)] ^ 
[Br„(j/i, {yi)j)] for some vertex (xi)^- neighboring Xi other than a;. 
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Note that Br„_i((a;i)j, Xi) C i?„-i(x), thus [Br„_i((a;i)j, x^)] = [Br„_i((yi)j, yi)]. 
By Lemma [2] (3), we get [Bn-i{{xi)j)] ^ [Bn-i{{yi)j)]. We have [Bn-2{{xi)j)] = 
[f{Bn-2iixi)j)] — [Bn-2{{yi)j)]- We repeat this procedure until m = n. □ 

Definition 5. The type set of a vertex a: S FT is the set of nonnegative integers 
n for which [Bn{x)] is speciaL 

A vertex x is said to be of bounded type if A(a;) is a finite set. For a vertex a; of 
bounded type, let us denote by t(x) the maximum of elements in A(x) and call it 
the maximal type of x. If A{x) is empty, set t{x) = —1. 

We will often use the following lemma. 

Lemma 4. Let x be a vertex of bounded type. We have t(x) < m if and only if 
[B„i+i{x)] = [Bm+i{y)] implies that x and y are in the same class. 

Proof. Let t(x) < m and suppose [Bm+i{x)] = [Bm+i{y)]. If x and y are not in 
the same class, then [Bm+six)] = [B,n+s{y)] and [Bm+s+iix)] ^ [Bm+s+iiy)] for 
some s > 1, which implies that m + s > t{x) is in the type set, a contradiction. 

Conversely, if m < i = t(x), then there exists y such that [_B((a;)] — [Bt{y)] and 
[Bt+i{x)] ^ [Bt+i{y)], thus [B^+i{x)] = [Bm+iiy)] but x,y are not in the same 
class. □ 

Definition 6. A coloring cf) is called to be of bounded type if it has a vertex of 
bounded type. 

In fact, if a vertex is of bounded type, then every vertex is of bounded type by 
the following lemma. 

Lemma 5. If a coloring cj) on T is of bounded type, then every vertex of T is of 
bounded type. 

Proof. Let a; be a vertex of bounded type. It suffice to show that if x' is a vertex 
of distance 1 from x, then x' is also of bounded type. 

Let t{x) — m. Let Xi^i — l,...,fc be the neighboring vertices of x. If Xi 
and Xj are not in the same class, by Lemma [1] there is an integer n such that 
[i3„(a;i)] ^ [Bn(xj)\. Let be the minimum of such n's if it exists. Denote by N 
the maximum of m + 1 and Uij's (for i, j such that x^, Xj are not in the same class). 
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We claim that the elements of the type set of every Xi are bounded by N. Indeed, 
suppose that for some I > N and some vertex z, [B£{xi)] = [Be{z)], say by a color- 
preserving graph isomorphism / : Bi{xi) Bg{z). Then, since Bm+i{x) C Bi{xi), 
we have [Bm+i{,x)] = 

Since t(x) = m, x and f{x) are in the same class by Lemma|4l Let g be a color- 
preserving tree automorphism sending f{x) to x. Then d{g{z),x) — d{z,f{x)) = 1 
which implies that g{z) = Xj for some j, i.e. z and Xj are in the same class. 

Hence, go / is a color-preserving graph isomorphism from Bi[xi) to Be(xj), i.e., 
[Bi{xi)] = [Bi{xj)], which is followed by [BN{xi)] = [BN{xj)] since £ > N. If Xi 
and Xj are not in the same class, then since N > jiij, [Bi^{xi)\ ^ [Bis!{xj)\, which 
is a contradiction. Thus, Xi and Xj are in the same class. Since Xj and z are in the 
same class, it follows that Xi and z are in the same class. By Lemma IH we have 

T{xi) <N. a 

Lemma 6. // there exists a special £-ball, then for every vertex x, there exists M 
depending on [Bi[x)\ such that Bi^ Mix) contains a special (-ball. Moreover, if the 
alphabet is finite, then there exists a constant N such that every N-ball in the tree 
contains a special £-ball. 

Proof. It depends only on [i?f(a;)] whether is special or not. If it is not 

special, there exists a unique extension [Bi^i(x)]. It depends only on [_B£-(_i(a;)] 
(thus depends only on [Bi{x)]) whether [Be+i{x)] is special or not. If it is special, 
then one of the vertices neighboring x is the center of the special £-ball by Lemma[3l 
If is not special, then there exists a unique extension [Bi-f-2{x)]. It depends 

only on [Bi+2ix)] (thus depends only on [Bg{x)]) whether [Bi+2{x)] is special or 
not. 

Repeat this process to prove the first part of the lemma. Note that the process 
ends in a finitely many steps, otherwise, [_B£+,„(a;)] does not contain any special 
£-ball for any m, which implies that T does not have a special £-ball, a contradiction. 

Denote M in the first part of the lemma by M{[Bi{x)]). If the alphabet is 
a finite set, then there are finitely many isomorphism classes of ^-balls. Thus, 
N — £ + max{M {[Be{x)])} is finite. We conclude that there exists iV > such that 
for every vertex x, Bpj(x) includes a special £-ball. □ 

For the rest of this section, let us study eventually periodic colorings, before we 
study Sturmian colorings in the next section. 
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Let US fix a coloring (j). Let K he a, finite subset of T. A coloring on a subtree U 
has a periodic extension if there exists a periodic coloring <f> owT such that (/)|[/ — (p. 

Definition 7. A coloring (j> : VT — > ^ is called eventually periodic if there exists 
a subtree K of finite number of vertices such that T — K = [JTi is a finite union 
of subtrees Ti such that (f> on each Tj has a periodic extension (pi . 

One may assume K to he a finite ball by taking a ball containing a subtree K . 
A periodic coloring is clearly eventually periodic. 

For connected sets K,K', let us denote [K] = [K'] if there exists a color- 
preserving graph isomorphism between them. 

Lemma 7. // a non-periodic coloring <j) is eventually periodic, then there exists 
a finite colored subtree which appears exactly once. In fact, we may choose K in 
Definition^ to be such a subtree. 

Proof. Choose a ball K satisfying Definition [7] and let Kr — {x : d{x, K) < r}. 
We first claim that there exists some r such that [K^] appears only finitely many 
times. 

Suppose the colored ball [Kr] appears in T infinitely many times. Since Kr 
is connected and Ti are connected components of T — if, there exists some Ti in 
which [Kr] appears infinitely many times. Since {Kr)reN is an increasing sequence 
of balls, if [i^r+i] appears in Tj, then so does [Kr]. Thus there is a subtree Tj in 
which [Kr] appears infinitely many times for all r > 0. For each rt-ball B of T, 
B C Kr for r large enough. Therefore, we have b^{n) < fo^. (n), which is bounded, 
which contradicts the non-periodicity of (p. 

Let K he the minimal connected set containing all the colored balls equivalent to 
Kr which appears only finitely many times, say N times. Such a subtree is unique 
since there is a unique path between given balls. If K' satisfies [K] — [K'], then 
K' also contains N colored balls equivalent to Kr, thus it contains all colored balls 
equivalent to Kr. Thus K O K' contains all colored balls equivalent to [Kr]. 

The minimality condition implies that K = K D K', which implies K = K' . 
Hence, the coloring of K appears in T exactly once. □ 

Proposition 3. Any eventually periodic coloring (j) is of bounded type. 

Proof. By the definition there exists a finite set K such that T — K = [jTi is a 
finite union of subtrees T^, each of which (p has a periodic extension (pi : T ^ A 
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on. If (j) is eventually periodic but not periodic, then by Lemma El we may assume 
that the colored set [K] appears in T exactly once. 

Let Pi be an integer that satisfies h^^{pi + 1) = b^.{pi) and let p = max {p.;} > 0. 
Let a; be a vertex in K. It is enough to show that the vertex x is of bounded type. 
We claim that [i?„(x)] is not special for n > d + 4p + 4, where d is the diameter of 
K. 

Indeed, suppose that x' is a vertex in T with [B„{x)] = [Bn{x')] and [i3„_|_i(x)] =/= 
[Bn+i{x')]. By LemmalU there exist a vertex y on the {n — 2p — l)-sphcre of x and 
a vertex y' on the {n — 2p — l)-sphere of x' such that 

[B2p+2{y)] + [S2P+2 (?/')] and [S2p+i(y)] = \B2v+i{v')\- 

Let us denote by / : Bn{x) — ?> Bn{x') a color-preserving isomorphism. Then f{K) — 
K since [K] appears only once. Note that d{K, y') > 2p + 2, d{K, y) > 2p + 2. It 
follows that B2p+2{y'),B2p+2{y) cT-K = [jT,, say B2p+2{y) C Ti, B2p+2(y') C 
T2. Thus colored p-balls contained in B2p+2{y) and B2p+2{y') are colored p-balls 
contained in Ti, T2^ respectively. 

Let Xi — T.i\\T where be the group of automorphisms of T leaving c/ji invari- 
ant. Since |V^^i|, |V^^2| < P + 2, Xi, X2 have diameter at most p + 2. It follows 
that B2p+i{y) and i?2p+i(y') contain all the colored p-balls of Ti, T2, respectively. 
Thus, [B2p+i{y)] = [B2p+i{y')] implies that and (j)2 are isomorphic. We conclude 
that [_B2p+2(y)] = [B2p+2iy')], which is a contradiction. 

If (j) is periodic, then (j) is clearly of bounded type. □ 

Remark 1. Wc allow F to act with inversions (i.e. without automorphisms fixing an 
edge and exchanging initial and terminal vertices). The resulting graph of groups 
will be the usual graph of groups (for groups acting without inversions) of the first 
barycentric subdivision T' of T. 

For edges with initial and terminal vertices of different classes, there is no color- 
preserving inversion for them. If there exists an edge with initial and terminal 
vertices of the same class, then there exists a color-preserving inversion exchanging 
initial and terminal vertices, which results in an edge in T', corresponding to a 
half-edge in T. This edge will be drawn as a half-edge in the quotient graph, with 
one white vertex and one black vertex. We will call it a loop since it is an edge 
whose initial vertex is its terminal vertex. 

The black vertices in the next figure are the vertices of T, whereas the white 
vertex at the left end of the ray is a vertex in T' — T, which was added during the 
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barycentric subdivision. We will omit other white vertices if the indices of edges 
around it are all 1. 

Let us give an example of non-eventually periodic coloring of bounded type. We 
will study such colorings with minimal subword complexity in Section [3.11 

Example 2. (A non-eventually periodic coloring of bounded type) 
Consider a coloring of an edge-indexed graph given as follows: 

21 12 12 12 12 12 12 12 12 

o • • • • • • • • • • • • 

l^aaaaaaaa 

Since the vertex colored by b has the empty set as its type, it is of bounded type. 
The universal covering tree T has all vertices colored by a except one geodesic p 
which is colored by b's. 

Admissible colored balls are the ones with vertices all colored by a except vertices 
on p if there is a non-trivial intersection. These colored n-balls are determined (up 
to automorphisms of colored balls) by the distance d (d G {0, • • • n}) of p from the 
center of the ball. For each d, there are infinitely many vertices of distance d from 
p, thus every class of colored n-balls appear infinitely many times. Thus it is not 
eventually periodic by Lemma [71 Remark that 6(n) = n + 2. 

3. MINIMAL SUBWORD COMPLEXITY AND StURMIAN COLORINGS 

In this section, we study Sturmian colorings, i.e. colorings of minimal unbounded 
subword complexity. We show the main theorem stated in the introduction. 

Definition 8. A coloring (/) of a /c-regular tree T is called Sturmian if b^{n) = n + 2. 

Sturmian colorings are the colorings with smallest subword complexity among all 
non-periodic colorings: since b^{0) — 2, the strictly increasing condition b^{n + l) > 
&0(n) implies that b^{n) > n + 2. Note also that from 6^(0) — 2, the coloring (f) is 
on two letters. 

Since b{n + l) = b{n) + 1, there is exactly one coloring of /c-ball with two possible 
extensions to colorings of {k + l)-balls. Therefore, for each n > 0, there exists a 
unique special n-ball. 

3.1. Sturmian colorings of bounded type. Let (f> he a, coloring of bounded 
type. For general such 0, there might be two vertices, with the same maximal type, 
which are centers of distinct colored ^-balls for some £. However, if we assume that 
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b{n) ~ n + 2, then there are no such vertices, i.e. the colored balls around each 
vertex v are completely determined by the maximal type of v: 

Proposition 4. For a Sturmian coloring, if two vertices x and y have the same 
maximal type, then x and y are in the same class. 

Proof. Suppose that two vertices x and y, not in the same class, have the same 
maximal type I. Then by the uniqueness of the i?-special ball we have [Bi{x)\ = 
[Be,{y)]. By Lemma HI we have [-8^+1(2;)] ^ [Bi+i{y)]. 

By Lemma[6l for every vertex w, there exists > such that Be^N{w) includes 
the special £-ball, of center say z, i.e., — [Bi{x)]. Thus is either 

or [Bi+i{y)] since there are only two possible extensions of [B£{x)] to 
colored {£ + l)-balls. Therefore, by Lemma IH z is in the same class as either x or 
y. Since w is arbitrary, the whole tree is covered by A'^-balls of centers which are in 
the same class with either x or y. 

Let L be the maximum of the maximal types of the vertices in Bn{x) and 
BnIii). By Lemma m L is finite. By definition, the maximal type of any vertex 
w is bounded by L, which leads to a contradiction to the fact that there exists a 
vertex of arbitrary large maximal type since special m-ball exists for every m. □ 

It follows from Proposition|4]that the projection tt : VT VX — VT / ^, where 
w ^ u) if they have the same maximal type, is well-defined and extends to a graph 
morphisni T ^ X = T / ^, again denoted by tt. We have a quotient graph X and a 
coloring 0x on X such that cj) = (l>x °t^- Note that the vertices of X are determined 
by their maximal type. The following lemma shows what the admissible edges of 
X are, in terms of their maximal type: 

Lemma 8. In a Sturmian coloring, if a vertex v is of maximal type m, then 

(1) its neighboring vertices are of maximal type m — I, m or m + 1, 

(2) one of its neighboring vertex is of maximal type m + I. 

(3) if m is not minimum among maximal types of vertices, one of its neighbor- 
ing vertex is of maximal type m — I. 

Proof. (1) Let r(x) — m. We claim that its neighboring vertices are of maximal 
type at most m + 1. By claim, if a neighboring vertex is of maximal type I < m — 1, 
then t{x) < I + 1 < m, which is a contradiction. 

Now let us prove the claim. Suppose T{xi) = r > m + 1. Choose Xi such 
that T{xi) — max{T(a;j)}. Since T{xi) — r, there exists y such that [Br{xi)] — 
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[Br{y)] and [Br+i{x.t)] ^ [Br+iiy)]. Let f : Br{xi) ^ Br{y) be a color-preserving 
isomorphism. Then [Bm+i{x)] = [Bm+i{fix))] since m+1 < r. ByLemma|4l x and 
f{x) are in the same class since t{x) = m. Since d(i/^ f{x)) — 1, there exists some 
J such that y, Xj are in the same class. Therefore, [Brixi)] — [B-riy)] = [Br{xj)] 
but [Br+iixi)] [Br+i{y)] = [Br+i{xj)]. Hence, Xi and Xj are not in the same 
class and T{xj) > t = T{xi). Since T{xi) = max{T(xj)}, T{xj) — T(xi), which 
contradicts Proposition |4l 

(2) Since b{n) is not bounded, there is a vertex w whose maximal type is larger 
than m. Since the maximal type of neighboring vertices may differ by at most 
one by part (1), there is a vertex w' in the path between v and w, of maximal 
type (to + 1), neighboring a vertex v' of maximal type m. Since u, u' have the 
same maximal type, by Proposition HI v and v' are equivalent, thus have the same 
neighborhoods. Since v' neighbors a vertex of maximal type to + 1, so does v. 

(3) If TO is not minimal, there exists a vertex w whose maximal type is smaller 
than TO. The statement of (3) follows from an argument similar to the previous 
paragraph. □ 

Now we have the following theorem by Proposition |3] and Lemma HI 

Theorem 5. If(f> is a Sturmian coloring, then there exists a proper infinite quotient 
graph X of T with 

VX = {to,to + 1,TO-|- 2, ...,}, EX C + 1], [i + 1, i] | i > to} U | i > to} 

and a coloring <f>x on X such that (p — (f>x ° t^, where n : T ^ X is the canonical 
quotient map and to = min{T(a;) : x £ VT}. 

Example 3. Consider the coloring of edge-indexed graph X: 

3 21 21 21 21 21 21 21 21 
• • • • • • • • • • • 

Let us denote the vertices oi X by {0, 1, • • • }. Denote by x a lift of x in T. By the 
periodicity of the coloring (j)^ on X , we have [Bn{i)] — [Bn{i + 3)] as long as the 
balls do not contain 1-neighborhood of 0, i.e. for any i > n. Thus 

fi(n) = {[B„(T)] :i = 0,l,...,n + 2}. 

To show that this example is Sturmian, we only need to show that for n > 1, 

[BnirT^l)] = [B„(rr+2)]. 
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Figure 1 . An example of Sturmian tree 



Let y and z be lifts of 71 — 1 and 71 + 2, respectively. For n > 1, we have [Bn-i{y)\ = 
[Bn-i{z)\ by a graph isomorphism / such that ■K{f{x)) — 7r(x) + 3 for < 7r{x) < 
2n — 2. Let a; be a vertex in (n — l)-sphere of y. If Tr{x) = i, for i > 1, then we 

have [Bi{x)] = [Bi{f{x))]. E tt{x) = 0, then [Bi{x)] ^ la ^ [Bi{f{x))] since 
TT{f{x)) = 3. Hence, by Lemma|3]we have [Bn{y)] — [Bn{z)]. 

Lift this coloring to the universal covering tree T. See Figure [TJ The admissible 
colored balls are as follows: 




Here are more examples of Sturmian colorings which are liftings of one-sided 

periodic colorings on an infinite quotient ray of T. 

3 21 12 21 12 21 12 21 12 
• • • • • • • • • • • • 

jjaai^aaijaa 



SUBWORD COMPLEXITY AND STURMIAN COLORINGS OF REGULAR TREES 17 

12 21 21 21 21 21 21 21 21 
o — • • • • • • • • • ■ ■ • 

ai)aiiaijai)a 

The following example indicates that the coloring on the quotient graph X can 
be quite arbitrary. 

Example 4. Let X be the following infinite edge-indexed colored graph: 

Ti , Ii Ti Ti , Ti 

a3 1^1 2,1 1^1 lal ^1 1^1 

Suppose that b — a — a — b and b — a — b appear arbitrarily in X. Then it is not 
a periodic coloring on X. The minimum of maximal types is m = 0. Each vertex 
in X represents vertices of maximal type {0, 1,2,...}, which is the distance of the 
vertex from the leftmost vertex. 

Note that we colored X so that the balls of center colored a or 6 not intersecting 
the leftmost vertex is uniquely determined, since all 1-neighborhoods of a, b not 
intersecting the leftmost vertex are uniquely determined, namely a has neighboring 
vertices a, b, b and b has neighboring vertices a, a, b. Therefore, the number of n- 
balls are the balls of center of distance 0, 1, ■ • • ,n — l from the leftmost vertex, plus 
two balls of center a and b, which does not intersect the 1-sphere of the leftmost 
vertex. Thus the number of colored n-ball is b(n) = n + 2. 

3.2. Eventually periodic colorings revisited. In this subsection, we obtain a 
complete characterization of eventually periodic Sturmian colorings. 

Proposition 6. A Sturmian coloring <j) is eventually periodic if and only if there 
exists a finite colored subtree which appears exactly once. 

Proof. It was proved in Lemma [7| that an eventually periodic coloring has a finite 
colored subtree appearing exactly once. Let us prove the other direction. 

Let Bn (x) be a ball containing a finite subtree whose coloring appears only once. 
Then [i?„(a;)] appears only finitely many times. Thus B{n) contains a colored n-ball 
appearing only finitely many times. Let m + 1 > be a minimal such integer. 

By definition, either m+1 > 1, i.e. there exists a colored {ni+ l)-ball appearing 
only finitely many times and all colored m-balls appear infinitely many times, or 
m -|- 1 = 0, i.e. B{0) contains a letter b appearing only finitely many times. In the 
latter case, T — {y : cf){y) — b} is colored by one color, thus cj) is eventually periodic. 
Assume we are in the former case. 
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Let [Bm+i{y)] be a colored (m + l)-ball appearing finitely many times. Since 
[Bm{y)] appear infinitely many times, [Bm{y)] is a special m-ball. Since a special 
rn-ball is unique and there are exactly two extensions to colored (to + l)-balls, there 
is no colored (m + l)-ball other than [Bm+iiy)] appearing finitely many times. 

Let K he a minimal subtree containing all (m + l)-balls equivalent to Bm+i{y)- 
We claim that for any z G V (T — K) , [B„i+i{z)] is uniquely determined by [Bm{z)]. 
Indeed, if [i?„i(z)] is not the special m-ball, then there is a unique extension of 
[Bm{z)] to (m + l)-ball. If [Bm{z)] is the special m-ball, then [_Bm(2:)] — [Bm{y)] 
but [Bm+i{z)] [Bm+i{y)] since all (m -I- l)-balls equivalent to Bm+i{y) are in 
K. Since there are only two possible extensions of [_B„j(z)] including [Bm+i{y)], 
[Bm+i{z)] is uniquely determined. 

Now let us construct an edge-indexed graph using the idea in the proof of The- 
orem [T] Let VX — B{m) and 

EX = [BMW ■z.w^ VT, [B,n+i{z)] ^ [B„,+i{y)],d{z,w) = 1}. 

Let us show that e e EX if and only if e £ EX. We claim that if z,w are 
vertices such that [Bm+i{z)] 7^ [Bm+i{y)], [Bm+i{w)] = [Bm+i{y)] and d{z,w) = 
1, then there exist vertices z',w' such that d{z',w') = 1, {[Bjn{z)],[Bm,{w)]) — 
{[B,n{z%[BM)]) and [B,n+i{w')] ^ [B^+i{y)]. 

Let z' be a vertex of [Bm+i{z')] ~ [B„i+i{z)] ^ There exist infinitely 

many such z"s. For each z', there exists w"s such that (i(z', w') = 1 and \Bm(w')\ — 
[i3,„(w)] = [i?„i(y)]. Thus, there exist infinitely many u;"s such that d{z',w') = 1 
for some z' and [B,n{w')] = (u>)] = [B,n(y)]. Since there exist only finitely 
many [Bm+i{y)], there exist infinitely many w' such that d{z' ,w') = 1 for some z' 
and [Bm+i{w')] ^ [Bm+i{y)]- The claim follows. 

Let 

i{[[Bm{z)l[Bm{w)]]) = \{w' e VT : d{z,w') = l,[Bra{w')] = [S„H]}|. 

Since [Bjn+i{z)] is uniquely determined by [Bm{z)], as in the proof of Theorem[Tl X 
is a well-defined edge-indexed graph, possibly disconnected, of which each connected 
component {Xj,i) has a universal covering tree isometric to T. The classes of m- 
balls with center in each given Tj are connected in {X, i), thus they are included in 
one single connected component of X , say Xj . Note that Xk — Xj even if Tk ^ Tj . 

Define a coloring on Xj to be (l)j{[Bm{w)]) — 4>{w). Then there is a graph 
homomorphism ttj : Tj (Xj^i) given by 7r_,- : w H> [Bmiw)] such that (j)j o vr j — (f) 
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on Tj. Note that ttj is surjective since Tj contains arbitrarily large balls. Since T 
is a tree, by extending locally, one may extend tt^ to a covering tt, : T — {Xj,i). 
Lift the coloring on {Xj, i) to T, which is clearly an extension of (pT^ ■ □ 

We remark that X in the proof above is in fact connected. 

Lemma 9. // a Sturmian coloring (p is eventually periodic, then there are finitely 
many vertices of any given class. 

Proof. By Proposition 21 a class of vertices is determined by the maximal type. 
Let Bn{x) be a ball containing the finite subtree appearing only once given by 
Proposition |6l Then [i3„(a;)] appears only finitely many times. Let t{x) = m. 
Hence, 

G VT : T(y) = m} < #{y £ VT : [i?„(y)] - [B„(x)]} < oo. 
Thus there are finitely many vertices of maximal type m. Since 

{yeVT:Tiy)=m±l}c [j {y e VT : dix' , y) ^ 1} 

x' •.t{x' )—m 

by Lemma [51 {y G VT : rijj) = m ± 1} is finite. Repeat this process. □ 

Theorem 7. A Sturmian coloring (j) is eventually periodic if and only if the quotient 
graph X of T in Theorem is one of the following graphs. 

o • • • • • • ■ • ■ 

lfc-1 lfc-1 lfc-1 lfc-1 lfc-1 

*fc I'fc - 1 I'fc - f I'k - 1 I'fc - f I'k - 1 

Proof. Let us denote by m the leftmost vertex in the graph of Theorem [5l If there 
exist two loops at m, then there exists an infinite geodesic in T all of whose vertices 
are lifts of m, which is a contradiction to LemmalU If the index of the edge [I, I — 1] 
is larger than 1, then there exists a geodesic whose vertices are of maximal type 

• • • , m + 1, m, m + 1, • • • ,1,1 + 1,1 ■ ■ ■ ,m + l,m,m + 1, ■ ■ ■ , 

which is again a contradiction. If there is a loop from vertex / to itself, then there 
exists a geodesic whose vertices are of maximal type 

••• ,m,m + I, ■ ■ ■ ,1 — 1,1,1,1 — 1, ■ ■ ■ ,m + l,m,m + 1, ■ ■ ■ , 

again a contradiction. The other direction is clear. □ 
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Example 5. The foUowings are eventually periodic Sturmian colorings. 
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Remark 2 . Bi- infinite Sturmian words are defined as non-eventually periodic words 
with subword complexity = n+1. Note that bi-infinite words withp(n) = n+1 
do not necessarily correspond to colorings of 2-regular tree with b{n) = n + 2. 

3.3. Sturmian colorings of unbounded type. Let be a Sturmian coloring of 
unbounded type. The type set of every vertex is an infinite set. If two vertices x, y 
have the same type set, then they have the same n-balls for every n by Lemma [1] 
since there exists a sequence rife -> oo for which [Bn^{x)] — [Bn^{y)]- 

Thus we can construct X by letting X = T/ ~, where x ~ ?/ if they have the 
same type set. 

Lemma 10. The vertices of a 1-ball may have at most three distinct type sets. 

Proof. Let x be the center of a 1-ball. Suppose that there are three vertices xi,X2,X3 
neighboring x such that x, xi,X2, xs have mutually distinct type sets. If n e A^ClAy, 
then [_B„(.t)] = [i?„(y)] by the uniqueness of special n-ball. Thus for £ < n, £ G 
if and only if ^ S Aj^ . 

We conclude that the type sets of x and y are equal up to some number, say iV, 
and they are disjoint from iV + 1. Choose such N for each pair of vertices from 
different classes in B2{x) and let M be the maximum of such TV's. Then the type 
sets of two non-equivalent vertices in B2{x) intersected with {M + \,M + 2^- ■ ■} 
are all mutually disjoint. 

Now let ^ > M be in the type set A^;. There exists such t since A^^ is infinite. 
Since the type sets of x, xi, X2, 2:3 intersected with N>m are mutually disjoint, at 
least one of xi, X2, X3 has a type set disjoint from — 1,^, ^ + 1}. Denote by Xi 
such a vertex, thus {£-l,£,£+l}n A^. = 0. 

Since £ G A^:, there exists a vertex y such that [B£{x)] — [Bi{y)] but [Bi^i{x)] ^ 
[i?£+i(j/)]. Let / : Bi(x) — > B({y) be the color-preserving isomorphism and let 

= f{xi), so that [Bi_i{xi)] = [Bi.i{y,)]. Let p ^ min{A:r. fl N>£-i} > £ + 1. 
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Then [Bp{xi)] = [Bp{yi)], since [Bi^i{xi)],[Bi{xt)],[Bi+i{xi)] not being special 
implies that there is a unique extension from [Be-i(xi)] to [Bp{xi)]. 

Let g : Bp(xi) — Bp{yi) be a color-preserving isomorphism and x' — g^^{y). 
Then d{x',Xi) — d{y,yi) = 1, thus, we have Bp^i{x') C Bp{xi) and [Bp^i{x')] — 
[Bp^x{y)] by g. From p > ^ + 1, we have [B£+i(x')] = 7^ [B^+i(a;)] and 

= [-Bf(y)] = [-Bf(a;)], which implies that x and x' arc not in the same class, 
but their type sets have an intersection containing i > M, contradicting the choice 
of M. □ 

It follows that in the graph X — T/ a given vertex has at most two neighboring 
vertices except itself. If there are more than one vertices with only one neighbor, 
then the graph X is finite, which contradicts the fact that b^{n) is not bounded. 
Therefore, we obtain the following theorem. 

Theorem 8. If (j) is a Sturmian coloring of unbounded type, then there exists a 
proper quotient infinite graph X and a coloring (px on X such that (j) — (j)x ° tt, 
where tt is the projection from the regular tree T to X . Moreover, we have 

VX = {0, 1, 2, ... , }, EX c {[i, i + 1] I z > 0} U {[i, i] | z > 0} 



VX = {..., -2, -1, 0, 1, 2, . . . , }, C {[i, i + 1] I i e Z} U {[i, i] I i G Z}. 

Example 6 (Sturmian colorings with a periodic edge configuration). By a given 
Sturmian coloring on a 2-regular tree Y , we have the following Sturmian coloring 
of unbounded type on fc-regular tree. 

Let X be the following infinite edge-indexed colored graph: 

Ts Ts Is Is Is Is Is Ts Ts Is 
\i 'J 

Let us index the vertex set VX by Z. Each edge [i, i -I- 1] and [i, i — 1] are indexed 
with t and [i, i] is indexed with s. Note that k = s + 2t. 

Let 00 be a Sturmian coloring of Y . Since both VY and VX are indexed by Z, 
define a coloring 0x on X by cpxii) = 0o(*)- Let 4> be the coloring on T given by 
(px ° T^, where tt : VT — s> VX is the projection discussed in Section [31 We claim 
that b^g{n) — b^{n) so that if 4>q is Sturmian, then so is p. 
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Let x' ,y' € Zhe vertices in Y. Let us denote the corresponding vertices in VX by 
X, y, and let x, y be vertices in T such that 7t(x) = x, TT{y) = y. If [i?„(a::')] = [Bn{y')] 
in 00 J then (t>o{x' + i) ^ <t>a{y' + i) for aU —n < i < n, thus [i3„(a;)] — [Bn{y)] in 0. 

If [Bn{x')] ^ in (/jq, then there is smallest m,0 < m < n, such that 

[B^{x')] ^ [Brn{y')]. Therefore, M^' + = Mv' + for aU \i\ < m-1 
and by Lemma [2(2), {[Br„(x',a;' + 1)], [Br„(a::', x' - 1)]} arc not {[Br„(?/', + 
l)],[Br„(y',y'-l)]}, i.e. 

(3.1) {{M^' + m- l),Mx' + m)), iM^' ~m + l),Mx' ~ m))} 

^ {(My' + m-i), My' + m)), iMy' - m + 1), My' - m))}. 

In [Brn{x)], there are k{k — 1)*"^^ directed edges with terminal vertex of distance 
TO from X. Among them, number of edges have the initial and terminal vertices 
colored by (t>oix' + m — 1), cfioix' + m) and of them have the initial and terminal 
vertices colored by 4>o{x' — m + l),(f>o{x' — m). All the other edges have initial 
and terminal vertices colored by (f)o{x' + i), |z| < m — 1. Therefore, by (|3.ip . 
[Bnix)] ^ [S„(y)] in 0. 

Hence we have [i?„(x)] = [i?„(y)] in (f) if and only if [i3„(a:;)] = [Bn{y)] in (t>Q. It 
follows that h^{n) — b^^^[n). 

The following edge-indexed colored graph is an example of Sturmian coloring, 
whose coloring on the quotient ray is periodic but whose edge index is Sturmian. 

Example 7. Let (/)o be a Sturmian coloring with colors {c, d] on Y , which is 
associated to a bi-infinite Sturmian sequence. Then we can construct a linear 
graph with loops X as follows: 

cdccdcdc 
— • • • • • • • • — 

^Sl ^33 ^52 ^Sl ^^3 ^Sl ^^3 ^52 ^Sl ^^3 ^52 ^^3 ^Sl 

ti ti t'i. to ti t?, ^3 i^ t^ ^3 ^3 t^ ^i ^3 ^3 to to t'^ t'^ ti ti to to ti t-i 

Let Si,ti, i = 1,2,3 be integers satisfying ti > 1, > 0, Si + 2ti = k for each 
i = 1, 2, 3 and si ^ S2- In X each vertex is colored by a and b in the alternating 
way. Each vertex colored by b have two directed edges indexed by ^3 and a loop 
indexed by S3 . Each vertex colored by a corresponds either to a vertex colored by c 
or d in Y. If it corresponds to a vertex colored by c (respectively d), put indices si 
and ti (respectively S2 and ^2) to the neighboring edges in X. By this association 
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we have a Sturmian coloring on T from a Sturmian coloring on Y . By a proof 
similar to the previous example, it is a Sturmian coloring of T . 

Finally, we have an example in which neither vertex coloring nor edge index is 
periodic. 

Example 8. Let 00 be a Sturmian coloring on Y in which a — b — a and b — b — b 

are not admissible. We can construct a linear graph with loops X as follows: 

oooooooooo 
jSl jS2 |S2 jSi jSi jS2 |S2 |Si jS2 jS2 

^Iq^I ^Iji^'Z ^2^il ^Iq^I ^1(2*1 ^1^*2 ^2^^1 ^Ifl^l ^1^^2 ^2^^! 

Let Si,ti, i = 1,2 be integers satisfying ti > 1, Si > for each i — 1,2 and 
2ii + si — k, ti + t2 + 32 — k and si 7^ S2 (The case of si — S2 corresponds to 
Example IH]) . In X, each vertex is colored by a and b according to 0o • All vertices 
colored by a have directed edges indexed hy ti to the vertices of other class and si 
to the vertices of same class. Vertices colored by b have directed edges indexed by 
ti and ^2 to the vertices of different class colored by a and b respectively and S2 to 
the vertices of same class. Each vertex in Y colored by a and b is associated to a 
vertex in T colored by a and b respectively. By this association we have a Sturmian 
coloring on T from a Sturmian coloring on Y, in which there is no 1-ball of a — 6 — a 
and b — b — b. 
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